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we	can	express	this	reflection	as	𝑅! = 𝑝! + 2(𝑃! 𝑝! − 𝑝!) = 2𝑃! 𝑝! − 𝑝!.		
In	terms	of	these	projections	and	reflections,	alternating	projections	can	be	
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function output = Propagate(input,propagator,dx,wavelength,z)	
% Propagate a wavefront using a variety of methods	
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%	
% input:      the wavefront to propagate	
% propagator: one of 'fourier', 'fresnel' or 'angular 
spectrum'	
% dx:         the pixel spacing of the input wavefront	
% wavelength: the wavelength of the illumination	
% z:          the distance to propagate	
% output:     the propagated wavefront	
% Setup matrices representing reciprocal space coordinates	
[ysize,xsize] = size(input);	
x = -xsize/2:xsize/2 - 1;	






    case 'fourier'	
        if z>0	
            output = fftshift(fft2(fftshift(input)));	
        else	
            output = ifftshift(ifft2(ifftshift(input)));	
        end	
   	
    case 'angular spectrum'	
        % Calculate phase distribution for each plane wave 
component	
        w = sqrt(1/wavelength^2 - fx.^2 - fy.^2);	
        	
        % exclude evanescent waves	
        notEvanescent = imag(w)==0;	
        	
        % Compute FFT of input	
        F = fftshift(fft2(fftshift(input)));	
        	
        % multiply FFT by phase-shift and inverse transform	
        output = 
ifftshift(ifft2(ifftshift(F.*exp(2i*pi*z*w).*notEvanescent)))
;	
        	
    case 'fresnel'	
        % Calculate approx phase distribution for each plane 
wave component	
        w = fx.^2 + fy.^2;	
        	
        % Compute FFT	
        F = fftshift(fft2(fftshift(input)));	
        	
        % multiply by phase-shift and inverse transform	
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𝑄 0 𝑄∗ −𝑼 = 𝑄∗ −𝑼 .	 	 	 	 	 (27)	
Direction of U = 










































































U = reciprocal  
Direction of U = 
reciprocal of R 
u 
u =reciprocal 

























































































































































































































𝜒! 𝑈, 𝑟 = 𝐹(𝑢)𝐹
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intensity over all real and reciprocal coordinat


































Γ 𝑢 = ℑ𝑠(𝑟),	 	 	 	 	 	 	 (37)	
	







𝐷 𝑈,𝑢 = Γ(𝑈) 𝑄 𝒖 𝑄∗(𝒖− 𝑼),	 	 	 	 	 (38)	
	
a	surprisingly	simple	equation.	If	we	think	of	the	image	obtained	from	any	one	
detector	pixel	at	position	u	as	the	probe	is	scanned,	then	a	finite	source	will	blur	
the	coherent	image,	thus	attenuating	its	high	frequency	components.	The	
amplitude	of	the	D-set	is	then	attenuated	by	Γ(𝑈)	in	the	U	(and	only	the	U)	
direction,	because	U	is	the	Fourier	transform	coordinate	of	the	probe	position.	In	
principle	we	can	therefore	divide	𝐷 𝑈,𝑢 	by	gamma	and	restore	a	coherent	data	
set.	Other	sources	of	incoherence	like	chromatic	spread	or	detector	pixel	size	
and,	in	the	case	of	electron	microscopy,	instability	in	the	lens	power	supplies,	can	
also	be	mapped	in	the	G-set	[131].	
	
10.6.2	More	about	sampling	and	probe	size	
	
If	the	specimen	is	weak	phase,	we	are	by	definition	not	interested	in	any	
scattered	data	lying	outside	the	central	undiffracted	disk.	The	fat-H	derives	from	
the	assumption	that	the	second	order	cross	terms	between	the	scattered	
amplitude	of	Q	and	Q*	are	negligible:	only	Q(0)	times	Q(u)	has	significant	value.	
Equivalently,	the	D-set	only	has	amplitude	along	the	two	lines	u=0	and	u=U.	This	
means	there	is	no	opportunity	for	‘stepping	out’	or	the	projection	strategy	
mentioned	in	Section	10.5.	Under	these	circumstances	the	sampling	in	u	only	has	
to	be	sufficient	to	adequately	deconvolve	the	occluded	aperture	function,	equ	29	
(the	trotters).	What	is	that	sampling?	It	clearly	must	sample	the	trotters	at	a	
higher	frequency	than	any	modulus	or	phase	structure	within	them.	That	is	
roughly	the	inverse	of	the	probe	size	–	i.e.	the	same	sampling	condition	that	
applies	to	all	other	forms	of	ptychography.	Actually,	near	the	top	of	the	fat-H,	
where	the	trotters	are	tending	towards	delta	functions,	their	Fourier	transform	
is	somewhat	wider.	However,	the	deconvolution	is	only	taking	out	aberrations	
and	having	the	effect	of	performing	an	integration	over	the	trotters,	and	so	it	
does	not	need	to	be	perfect.	
	
Contrariwise,	when	we	have	a	strong	specimen,	the	whole	plane	of	the	D-set	has	
significant	amplitude.	To	cleanly	undertake	the	deconvolution	and	then	make	
use	of	all	the	phase	differences	in	the	D-set	(at	least	when	the	object	is	non-
periodic),	the	sampling	in	u	must	be	the	same	as	the	sampling	in	U.	The	final	
result	of	the	whole	process,	e.g.	obtained	via	the	projection	method	[71],	is	a	
single	complex-valued	diffraction	pattern,	plotted	over	u.	Of	course,	the	pitch	of	
pixels	in	u	must	therefore	be	the	inverse	of	the	whole	field	of	view	(not	just	the	
size	of	the	probe).	Meanwhile,	the	weak	phase	object	methods	take	all	the	
reciprocal	information	from	the	U	direction.	This	also	has	a	pixel	size	that	is	the	
inverse	of	the	field	of	view	(as	spanned	by	the	probe),	but	having	the	flexibility	to	
have	so	much	lower	sampling	in	u	vastly	reduces	the	demands	on	the	size	of	the	
data	set.	There	are	possible	solutions	to	this	problem,	say	be	tiling	small	fields	of	
view,	but	at	the	time	of	writing	we	are	not	aware	that	such	alternatives	have	
been	explored.	
	 126	
	
Finally	we	mention	that	the	theory	of	WDD,	at	least	for	strong	objects,	depends	
on	undertaking	Fourier	transforms	over	infinite	limits,	or	periodically	repeating	
objects.	For	a	continuous	image,	the	data	must	be	attenuated	at	the	edge	of	the	
field	of	view	by	a	soft	window	function,	and	even	more	space	must	be	left	within	
the	unit	cell	to	accurately	account	for	the	probe	function	as	it	scans	up	to	the	
edge	of	the	field	of	view.	All	this	is	tractable,	but	a	reader	who	wants	to	try	to	do	
WDD	must	be	aware	of	this.	If	the	probe	is	a	focused	cross-over	it	is	very	small,	
so	this	is	not	a	significant	problem.	
	
10.6.3	Probe	solution	
	
The	redundancy	in	the	densely-sampled	data	set	is	extreme,	and	so	it	would	be	
surprising	if	it	were	not	possible	to	solve	for	the	probe	as	well	as	the	object	
function,	as	is	routine	when	using	iterative	methods.	Indeed	there	is	such	a	
solution	[66]	(there	must	be	many	others	awaiting	discovery).	It	combines	
elements	of	blind	deconvolution	techniques	with	WDD.	In	short,	whenever	we	
have	an	estimate	of	A,	we	can	form	the	corresponding	Wigner	Distribution	(equ	
30)	in	the	H-set.	We	divide	as	usual	to	solve	for	Q,	and	then	transform,	along	the	
u	coordinate	to	the	G-set.	We	then	estimate	Q	from	data	lying	along	the	U	
coordinate.	This	is	then	used	to	form	its	Wigner	Distribution.	Now	the	data	in	the	
H-set	is	divided	by	this	estimate,	to	give	an	estimate	of	A’s	Wigner	Distribution,	
and	hence,	after	transforming	back	to	the	G-set,	a	new	estimate	of	A;	and	so	on	
and	so	forth.	The	principle	is	that	the	convolution	in	the	u-direction	must	be	
consistent	with	the	function	estimates	taken	along	the	U	coordinate.	
	
The	method	was	demonstrated	with	an	optical	bench	experiment,	but	given	the	
dismal	size	of	the	data	that	could	be	gathered	in	1993,	the	results	were	
unimpressive.		
	
10.6.4	3D	Imaging	
	
Nellist	and	co-workers	have	recently	shown	that	applying	WDD	with	probe	
functions	constructed	at	different	levels	of	defocus,	slices	can	be	selectively	
imaged	from	multiple	layers	of	a	thick,	weak	object	[10].	This	is	not	the	same	as	
solving	for	the	image	and	then	propagating	to	different	defocii,	in	which	case	
there	would	be	Fresnel	effects	from	out	of	focus	layers.	The	method	seems	to	
pick	out	an	actual	plane	within	the	object	function.	At	the	time	of	writing,	the	
work	is	at	a	very	early	stage.	
	
10.6.5	The	Bragg-Brentano	plane	
	
It	was	recognised	in	the	work	that	first	described	the	weak	object	approximation	
of	the	G-set	[122],	that	there	exists	two	lines	in	it	(two	planes	in	the	4D	data	set)	
that	have	unique	properties.	They	lie	along	U=2u	and	U=-2u.	They	contain	
identical	information	because	one	is	just	the	complex	conjugate	of	the	other.	No	
matter	what	the	aberrations	in	the	aperture	may	be,	if	they	are	symmetric	
(which	they	often	are),	then	the	central	value	of	the	trotters,	which	lie	along	
these	line	as	illustrated	in	Figure	87	is	always	real	and	unity,	because	the	
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complex	conjugate	components	of	the	symmetric	aperture	functions	cancel	each	
other.	This	is	also	true	for	defocus,	which	implies	that	an	image	formed	from	this	
data	alone	will	have,	in	theory,	infinite	depth	of	field.	It	will	be	a	projection	of	the	
object.	
	
Another	way	of	understanding	this	is	that	the	centre	of	the	trotters	arise	from	
interference	between	an	incident	beam	at,	say,	𝑘! 	and	a	scattered	beam	at	−𝑘! .	
In	conventional	X-ray	diffraction	the	specimen	is	often	rotated	at	half	the	angular	
speed	of	the	detector,	so	that	the	normal	direction	of	Bragg	planes	remain	
parallel	to	a	fixed	direction	within	the	specimen.	In	this	way,	a	flat	slice	is	taken	
out	of	3D	reciprocal	space,	instead	of	scattering	over	the	curved	Ewald	sphere,	
which	makes	the	analysis	of	the	results	much	easier.	A	plane	in	3D	reciprocal	
space	corresponds	to	a	2D	projection	in	real	space.	The	information	along	these	
special	planes	in	the	Fat-H	is	similarly	symmetric,	and	so	can	also	pick	out	a	
projection	of	the	object.	This	projection	phenomenon	has	been	experimentally	
demonstrated	on	the	optical	bench	[132].	Calculations	using	Bloch	waves	for	
crystalline	specimens	also	indicated	that	this	plane	of	data	is	relatively	immune	
to	dynamical	(multiple)	scattering	effects,	at	least	compared	with	the	bright-field	
image	[133].	
	
10.6.6	Probe	complexity	and	noise	suppression	
	
As	mentioned	in	Section	5.6,	the	Wigner	deconvolution	can	be	used	to	explore	
optimal	probes	in	ptychography.	It	would	seem	logical	that	if	the	𝜒!	function	has	
few	low	modulus	areas,	then	the	deconvolution	should	be	more	stable.	This	
would	appear	to	be	the	case.	Other	noise	suppression	strategies	can	be	employed	
to	avoid	low	values	of	𝜒!	by	using	redundancy	in	the	data.	For	more	information	
on	these	issues,	see	[71].	
	
	
11)	Conclusions	
	
	
This	chapter	has	been	intended	as	an	elementary	introduction	to	the	subject	of	
ptychography.	We	have	also	tried	to	give	a	flavour	of	recent	developments	in	
each	of	the	many	diverse	areas	of	the	subject.	It	is	not	complete:	since	the	subject	
took	off	in	2007,	there	have	been	more	than	600	papers	published	on	the	
technique.	We	have	necessarily	been	selective,	reporting	on	what	we	think	are	
the	most	significant	aspects	of	the	technique.	Other	authors	would	certainly	take	
a	different	perspective.	A	previous	review	chapter	was	written	only	a	few	
months	after	the	first	iterative	phase	retrieval	ptychography	images	were	
published	[5].	By	the	time	it	was	in	print	it	was	already	out	of	date.	Ten	years	
later	the	developments	in	ptychography,	some	astonishing,	continue	to	pour	out	
of	research	groups	around	the	world.	The	literature	is	expanding	exponentially.		
	
Fourier	ptychography	is	undoubtedly	under-represented	here.	Since	its	
appearance	in	its	modern	form	in	2013,	it	quickly	covered	all	the	ground	
previously	addressed	in	real-space	ptychography,	and	is	pushing	ahead,	creating	
an	independent	field.	Several	groups	are	very	active	as	we	write,	publishing	new	
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algorithms	and	new	variants	of	the	technique.	We	have	also	not	had	space	to	
cover	optical	encryption	with	ptychography	[134],	non-linear	ptychographical	
imaging	[135],	important	developments	in	incoherent	ptychography	[90],	and	
the	many	other	refinements	of	experimental	configuration	and	associated	
inverse	algorithms.	
	
Enabling	technologies	like	microscopy	usually	follow	a	common	development	
pattern.	First	the	technology	is	invented	and	shown	to	work	for	simple	test	
specimens;	ptychography	is	well	past	this	stage	in	visible	light,	EUV,	X-ray	and	
electron	imaging.	Next,	the	method	is	applied	to	solve	a	scientific	problem	that	is	
ideally	suited	to	the	technique;	this	has	been	achieved	in	X-ray	and	electron	
ptychography.	The	method	is	then	applied	to	answer	scientific	problems	that	can	
only	be	solved	by	the	particular	method;	this	is	probably	true	in	the	cases	of	
high-resolution	X-ray	ptycho-tomography,	Bragg	ptychography,	and	spectro-
ptychography.	Finally,	the	method	becomes	widely	adopted	as	a	standard	part	of	
wider	scientific	investigations,	to	the	extent	that	its	use	is	regarded	a	normal	
component	of	scientific	investigation,	fully	exploiting	its	niche	capabilities.		
	
As	yet,	ptychography	is	not	quite	at	that	final	stage	of	maturity.	It	is	most	
advanced	in	X-ray	imaging.	However,	so	long	as	it	remains	confined	to	the	
synchrotrons,	it	can	never	be	very	widely	used;	there	just	isn’t	enough	beamtime	
in	the	world,	even	though	fourth	generation	synchrotrons	will	greatly	speed	up	
ptycho-tomography.	The	rapid	advance	of	‘table-top’	sources,	some	of	which	are	
very	coherent,	may	bring	about	a	step	change	in	its	usage	at	EUV	or	X-ray	
wavelengths	in	the	ordinary	laboratory.	This	may	allow	it	to	make	a	very	big	
impact	in	all	sorts	of	material	and	biological	studies.		
	
We	can	make	one	very	reliable	prediction.	No	one	is	going	to	throw	away	their	
aberration-corrected	electron	lenses,	X-ray	Fresnel	lenses,	KB	mirrors	or	high-
resolution	optical	lenses.	There	are	many	indispensible	sources	of	image	
contrast	that	will	never	be	delivered	by	even	the	cleverest	computational	optics.	
The	most	compelling	use	of	a	STEM	aberration	corrector	is	the	ability	to	capture	
material	specific	signals,	like	X-ray	spectra	and	electron	energy	loss	spectra	(see	
Chapter	**EDITOR**).	Modern	machines	can	detect	the	elemental	type	of	every	
single	atom,	at	least	in	a	two-dimensional,	atomically	thin	structure	[136].	The	
same	applies	in	X-ray	optics,	where	scanning	focused	probes	can	also	resolve	
material-specific	X-ray	fluorescence,	e.g.	[137].	Material	scientists	crave	for	
elemental	and	bonding	information.	They	regard	a	scanning	electron	microscope	
(SEM)	as	virtually	useless	if	it	does	not	have	an	X-ray	detector	installed	on	it,	
despite	the	fact	that	modern	SEMs	can	achieve	sub-nanometer	resolution	with	
ease.	Who	wants	just	an	image	of	a	specimen	when	it	is	possible	to	know	what	
element	every	bit	of	it	is	made	from?	Similarly,	confocal	visible-light	microscopy	
is	nowadays	indispensible	to	vast	areas	of	biological	research,	again	relying	on	
excellent	lenses	to	focus	a	beam	onto	fluorescent	dyes	that	can	spatially	resolve	
the	active	sites	of	specific	proteins	and	other	molecules.	Lenses	are	here	to	stay.	
	
But	ptychography	will	find	its	niche,	probably	at	all	wavelengths,	and	it	has	many	
new	things	to	look	forward	to.	The	ability	to	image	state	mixtures	must	have	
huge	potential	application,	although	where	this	will	emerge	most	effectively	is	
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hard	to	predict.	3D	imaging	of	the	refractive	index	of	unstained	biological	objects	
must	also	be	ripe	for	exploitation.	We	know	also	that	many	electron	
microscopists	dream	of	a	very	simple	electron	ptychography	microscope.	This	
would	comprise	a	source,	one	lens,	a	detector	and	a	computer.	However,	there	
are	difficulties.	Electron	ptychography	is	hard	to	do	quantitatively	without	a	
good	detector	–	preferably	with	single	event	counting.	(The	existence	of	such	
detectors	at	hard	X-ray	energies	partly	accounts	for	its	success	in	that	field.)	But	
such	electrons	detectors	are	expensive	($700k	or	so),	which	rather	negates	the	
idea	of	a	low	cost,	high-resolution	table-top	TEM.	But	who	knows	–	there	may	
well	be	a	market	for	such	a	machine	as	detector	technology	gets	less	expensive,	
which	it	inevitably	will.	Some	X-ray	ptychographers	assert	that	it	will	eventually	
enable	atomic	resolution,	at	the	same	time	overcoming	the	penetration	limits	of	
electron	microscopy.	We	are	sceptical:	the	information	per	damage	event	for	X-
rays	is	much	lower	than	for	electrons	[138],	but	we	would	not	discourage	anyone	
from	trying!		
	
Finally	we	remark,	again,	that	there	remains	one	very	fat	and	large	elephant	in	
the	room.	It	has	so	far	been	impossible	to	prove	mathematically	that	
ptychography	works.	Despite	its	ability	to	skip	over	the	phase	problem	with	such	
nonchalant	ease,	it	still	relies	on	inverting	a	highly	non-linear	set	of	
measurements.	So	yes,	even	the	simplest	heuristic	algorithms	give	good	pictures	
quickly	and	easily,	but	proving	definitively	why	they	do	so	is	difficult.	Even	the	
most	advanced	algorithms	have	to	make	some	assumptions.	Luckily	the	applied	
mathematicians	are	slowly	having	their	attention	drawn	to	this	rich	and	
interesting	field:	ptychography	needs	them!	
	
What	next?	Ptychography	with	neutrons?	Surely	the	source	size	is	far	too	
incoherent	and	the	interaction	cross-section	is	far	too	small?	But	given	the	
advances	in	the	last	ten	years	we	have	learnt	not	to	discount	anything…	
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